By breaking N = {1, 2, . . . , n} into disjoint subsets S and its complement, a new S-type upper bound for the largest singular value of nonnegative rectangular tensors is given and proved to be better than some existing ones. Numerical examples are given to verify the theoretical results.
Introduction
Singular value problems of rectangular tensors have become an important topic in applied mathematics and numerical multilinear algebra, and it has a wide range of practical applications, such as the strong ellipticity condition problem in solid mechanics [ and Ax p y q- be an n dimension real vector whose jth component is
If λ ∈ C, x ∈ C m \{}, and y ∈ C n \{} are solutions of
then we say that λ is a singular value of A, x and y are a left and a right eigenvectors of A, associated with λ. If λ ∈ R, x ∈ R m , and y ∈ R n , then we say that λ is an H-singular value Recently, many people focus on bounding the largest singular value for nonnegative rectangular tensors [, , ]. For convenience, we first give some notation. Given a nonempty proper subset S of N , we denote
and then
This implies that, for a nonnegative rectangular tensor A = (a i  ···i p j  ···j q ), we have, for i, j ∈ S,
and
In [], Yang and Yang gave the following bound for the largest singular value of a nonnegative rectangular tensor A.
When m = n, He et al.
[] have given an upper bound which is lower than that in Theorem .
where
Similarly, under the condition of m = n, by breaking N = {, , . . . , n} into disjoint subsets S and its complementS, Zhao and Sang [] provided an S-type upper bound for the largest singular value of nonnegative rectangular tensors.
Theorem  ([], Theorem .) Let A be a (p, q)th order n × n dimensional nonnegative rectangular tensor, S be a nonempty proper subset of N ,S be the complement of S in N. Then
In this paper, we continue this research, and give a new S-type upper bound for the largest singular value of nonnegative rectangular tensors. It is proved that the new upper bound is better than those in Theorems -.
Main results
Theorem  Let A be a (p, q)th order n × n dimensional nonnegative rectangular tensor, S be a nonempty proper subset of N ,S be the complement of S in N. Then
Proof Because λ  is the largest singular value of A, from Theorem  in [], there are nonnegative nonzero vectors x = (x  , x  , . . . , x n ) T and y = (y  , y  , . . . , y n ) T , such that
y f = max{y i : i ∈ S}, y g = max{y i : i ∈S};
Then at least one of x t and x h is nonzero, and at least one of y f and y g is nonzero. We next divide into four cases to prove.
multiplying () with () and noting that
(ii) If x t ≥ x h , similar to the proof of (i), we have
Case II: Assume that w S = y f , w¯S = y g . If y g ≥ y f , similar to the proof of (i), we have
If y f ≥ y g , similarly, we have
Case III: Assume that w S = x t , w¯S = y g . If y g ≥ x t , similar to the proof of (i), we have
If x t ≥ y g , similarly, we have
Case IV: Assume that w S = y f , w¯S = x h . If x h ≥ y f , similar to the proof of (i), we have
If y f ≥ x h , similarly, we have
The conclusion follows from Cases I, II, III and IV.
We next give the following comparison theorem for these upper bounds in Theorems -. 
Theorem  Let

Numerical examples
Example  Let A = (a ijkl ) be a (, )th order  ×  dimensional nonnegative rectangular tensor with entries defined as follows:
